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Motivation

• Aeroelastic LCO prediction involves 

dynamic response analyses

– Time integration of a large nonlinear 

dynamical system

– Fluid nonlinearities & structural 

nonlinearities

• Process is computationally prohibitive 

for use in:

– Parameter sweeps

– Design search exploration

– Uncertainty quantification

REDUCE COST WITH 

REDUCED ORDER 

MODELS (ROMs)

0.03 × real-time



3

Objectives

• Reduced order models (ROMs) for rapid LCO prediction

– Dynamically nonlinear ROM

• Demonstrate ROM capability with the Pazy wing test-case
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Projection Nonlinear Reduced Order Modelling 

• Project a Taylor expansion of the FOM onto a subset of aeroelastic 

eigenmodes

– Data free

• Simplified four step process

1. Determine reduced coordinate (subset of eigenmodes)

2. Taylor expansion of FOM in the reduced coordinate 

3. Project Taylor expansion onto eigenmode subset

4. Time integrate the nonlinear ROM

Linear ROM

Retain dynamic 

nonlinearities
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• Compute left and right eigenvalue problems of system Jacobian matrix

– Select a subset, 𝑚, of the left and right eigenmodes

• ROM coordinate transformation: 𝒁 ∈ ℂ𝑚

𝜳 =

| . | . |
𝝍1 ⋯ 𝝍𝑚 ⋯ 𝝍𝑛

| . | . |
𝜱 =

| . | . |
𝝓1 ⋯ 𝝓𝑚 ⋯ 𝝓𝑛

| . | . |

Step 1: Reduced coordinate

Right eigenmodes Left eigenmodes

∆𝑿 𝑡 ≈ 𝜱𝐙 𝑡 + ഥ𝜱ഥ𝒁 𝑡
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Step 2: Taylor expansion in the reduced coordinate

• We do NOT want to compute FOM nonlinear terms! 

– Use coordinate approximation in Taylor expansion, 𝒇

• ROM derivatives computed using ADiGator: Source transformation AD

𝒇 ∆𝑿 → 𝒇𝑍 𝚽𝒁 + ഥ𝚽ഥ𝒁

𝜕2𝒇𝑍

𝜕𝒁𝜕𝒁
∈ ℂ𝑛×𝑚2

ROM Hessian FOM Hessian

𝜕2𝒇

𝜕𝑿𝜕𝑿
∈ ℝ𝑛3

WE WANT THIS WE DO NOT WANT THIS
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Step 3: Projection and hyper-reduction

• Project ROM nonlinear terms onto the reduced basis

– Four quadratic ROM terms

• Exploit symmetry of ROM nonlinear terms (hyper-reduction)

ഥ𝜳𝑇
𝜕2𝒇𝑍

𝜕𝒁𝜕𝒁
∈ ℂ𝑚3

𝑩𝑅𝑂𝑀 =

4𝑚2

𝑚

ഥ𝜳𝑇
𝜕2𝒇𝑍

𝜕𝒁𝜕ഥ𝒁
∈ ℂ𝑚3 ഥ𝜳𝑇

𝜕2𝒇𝑍

𝜕ഥ𝒁𝜕𝒁
∈ ℂ𝑚3 ഥ𝜳𝑇

𝜕2𝒇𝑍

𝜕ഥ𝒁𝜕ഥ𝒁
∈ ℂ𝑚3

𝑩𝑅𝑂𝑀
𝑠𝑦𝑚

=

2𝑚2 + 𝑚

𝑚
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Step 4: Time integrate the nonlinear ROM 

• Nonlinear ROM system of equations

• Careful selection of the ROM modal bases can permit use of an 

explicit time integration scheme

– RK4

ሶ𝒁 = 𝚲𝒁 + 𝑨2
𝑍 𝒁, 𝒁 + 𝑨3

𝑍 𝒁, 𝒁, 𝒁 + ⋯

ROM linear dynamics ROM nonlinear dynamics
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Source-transformation automatic differentiation

• ROM parameterised via source transformation AD

– One-off OFFLINE generation of codes for ROM 

quadratic/cubic nonlinear terms

– ONLINE evaluation of codes at a fraction of the cost of 

generation

• Source-transformation AD efficient for large 

numbers of function evaluations: parameter sweeps

• Original projection nonlinear ROM used finite 

differencing, Woodgate (2007), Da Ronch (2012)
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Aeroelastic test-case 

• Pazy wing

– Highly flexible wing geometry for the Aeroelastic Prediction 

Workshop (AePW): 𝐿𝑠𝑝𝑎𝑛 = 0.550 𝑚, 𝑐 = 0.100 𝑚

Sapienza’s Pazy Nastran 3D FEMThe Sapienza Pazy wing in the 

SOTON 7x5 wind tunnel [REF]
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Mode Frequency (Hz)

Mode Coppotelli (2025) Present

First OOP bending 4.15 4.59

Second OOP bending 25.50 29.17

First torsional 38.45 38.89

Proof-of-concept Pazy wing modelling

• Structural dynamic modelling

– Hodges’ fully intrinsic geometrically exact 

nonlinear beam 

• Assumption of constant spanwise 

stiffness and inertial properties

• Unsteady aerodynamic modelling

– Peters’ 2D finite-state unsteady 

aerodynamics with a tip-loss correction

• Tip-loss correction from a VLM solution 

around the undeformed geometry
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Aeroelastic Full Order Model

• Nonlinear system of ODEs, ሶ𝑋 = 𝑓 𝑋

– 16 beam elements

• Total of 288 aeroelastic states

– 192 structural states

– 96 aerodynamic states

• Hump mode flutter phenomenon

– Flutter onset: 52.2 𝑚𝑠−1

– Flutter offset: 62.8 𝑚𝑠−1

Flight conditions

𝛼∞ = 0.0°

𝜌∞ = 1.225 𝑘𝑔𝑚−3
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Limit-cycle oscillation study

• Supercritical LCO analysis

– Onwards from flutter onset, 𝑉𝑓 = 52.2 𝑚𝑠−1

• Dynamics excited by a perturbation in the initial conditions

– Perturbed by an amount of the aeroelastic critical mode
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Full model limit cycles

• LCO dynamics at 3% past the flutter speed

Flight conditions

𝛼∞ = 0.0°

𝜌∞ = 1.225 𝑘𝑔𝑚−3
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Full model limit cycles

• LCO phase portrait at 3% past the 

flutter speed

• Wing root bending moment vs 

wing root torque phase plot

• Transients omitted (only the 

outermost LCO loop plotted)

Flight conditions

𝛼∞ = 0.0°

𝜌∞ = 1.225 𝑘𝑔𝑚−3
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Reduced order modelling

• Create ROMs to predict LCO dynamics

– Retain up to quadratic nonlinearities in the reduced Taylor expansion

• Nonlinear ROMs with increasing aeroelastic modal basis size

– Begin with a 1 mode projection
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Reduced order model

• 1 mode ROM

– 1
st
 torsional (critical mode)
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Reduced order model

• 3 mode ROM

• + 1 OOP bending + 1 IP bending 

Acronyms

OOP Out-of-plane

IP In-plane
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Reduced order model

• 3 mode ROM

• + 1 OOP bending + 1 IP bending 

FOM 𝐑𝐎𝐌𝟑

Animations at 0.03 × real-time

Acronyms

OOP Out-of-plane

IP In-plane
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Reduced order model

• 3 mode ROM

• + 1 OOP bending + 1 IP bending 

Acronyms

OOP Out-of-plane

IP In-plane
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Reduced order model

• 12 mode ROM

• + 1 aero mode + 4 OOP bending modes + 4 torsional modes

Acronyms

OOP Out-of-plane

IP In-plane
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Reduced order model

• 19 mode ROM

• + 1 IP bending + 2 OOP bending + 4 torsional

Acronyms

OOP Out-of-plane

IP In-plane
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Limit cycle amplitude envelope

• LCO amplitude over increasing flutter speed ratio, 𝑉∞ ∕ 𝑉𝑓

• 3 mode ROM provides conservative approximation
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Computational cost

• “Offline”

– ONE-OFF cost to source-

transform AD ROM codes 

• “Online AD” 

– Cost to evaluate AD ROM code

• “Online dyn. resp”

– Cost to compute 8 seconds of 

dynamic response

Offline [s] Online AD [s] Online dyn. resp [s]

FOM − − 603.17

ROM3 39.40 0.09 2.49

ROM19 40.23 0.15 6.48

Integration scheme Step size [s]

FOM Newmark-Beta 0.0005

ROM3 RK4 0.0005

ROM19 Rk4 0.0005
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Conclusions

• Projection nonlinear ROM capable of capturing dynamic nonlinearity 

with a small subset of aeroelastic modes

• Nonlinear ROMs can capture increasing levels of nonlinear dynamic 

fidelity by careful addition of modes

– 3 mode nonlinear ROM to capture LCO amplitudes

– 19 mode nonlinear ROM to capture LCO trajectory

• ROMs evaluated at a fraction of the cost of the FOM and DO NOT 

require FOM dynamic responses for ROM construction
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Future work

Subcritical LCO study (flap excitation) Recovering statistical properties of aeroelastic chaos

• Ongoing research with the high aspect ratio Patil wing, 𝐴𝑅 = 16
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AIAA Online Short Course

• “Machine Learning for Aircraft Applications”

– Special emphasis on ROMs

– 33 hours of ROM fun

– From 08 SEP 2025 – 13 OCT 2025

Professor 

Andrea Da Ronch

Dr David Massegur Me

Instructors
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